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The signs of radiofrequency phases and frequencies used in
NMR are examined carefully. Some fundamental problems with
current usage are exposed by simple examples. The entire chain of
events leading to the NMR spectrum is examined closely, including
generation and phase-shifting of the radiofrequency carrier wave,
nuclear-spin dynamics in the presence of the radiofrequency field,
quadrature detection, signal digitization, post-digitization phase
shifting, Fourier transformation, and spectral presentation. Rec-
ommendations are given for software modifications which should
facilitate the correspondence between pulse programming, spectral
presentation, and spin dynamical theory. o 1997 Academic Press

INTRODUCTION

This paper addresses the signs of the phases and frequen-
cies used to perform an NMR experiment, understand the
spin dynamics, and to present NMR spectra. | come to some
rather disturbing conclusions. | argue that current usage in-
troduces sign inconsistencies at almost every stage. The
phase angles which are relevant to the spin dynamics are
usually opposite in sign to the values appearing in pulse
programs. The frequency axis commonly used to label the
spectrum is usualy opposite in sign to the true precession
frequency of the magnetization components in the rotating
frame. Similar inconsistencies apply to the receiver reference
phase and to the post-digitization phase shift applied at the
outputs of the analog—digital converters. These sign errors
appear to have passed unnoticed because in many cases they
cancel mutually.

In the past, it has usually been possible to gloss over these
issues. However, it is becoming increasingly commonplace
to perform detailed manipulations of spin systems with a
complex mix of spin interactions. For example, solid-state
NMR is often performed on systems with small groups of
coupled spins, where indirect and through-space magnetic
dipolar couplings, shielding anisotropies, and sometimes
quadrupolar couplings all coexist. For example, the accurate
simulation of spin dynamical phenomena such as rotational
resonance (1-3) requires careful handling of relative signs.
Solution NMR is generally more forgiving, but some areas
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are aso fraught with subtle sign problems, for example,
cross-correlated relaxation (4—9), nuclear demagnetizing
field effects (10—13), and phase or frequency shifts induced
by sample movement through nonuniform radiofrequency
fields (14-16).

There are semantic obstaclesto the careful treatment of signs
inNMR. Itisrather striking that scientific English distinguishes
between the speed and velocity of linear motion, whereas no
analogous terms exist for the frequency of rotational motion
(J. S. Waugh once tried to remedy this defect by introducing
the term “‘avis’ to dignify ‘‘angular velocity, inverse sec-
onds’). Thissemantic void causes confusionin NMR, because
theterm (angular) frequency has adouble meaning. For exam-
ple, the radiofrequency synthesizer of a spectrometer oscillates
with a certain frequency, by definition positive since it merely
reflects the number of electrica oscillations per unit time. By
multiplying the number of cycles per second by 27, one obtains
the (angular) carrier frequency |w®"®|, a positive number.
Notethat it would be as meaningless to assign a negative value
to the carrier frequency as it would be to assign an object a
negative speed. In contradt, true rotational motion does have
a meaningful sign. In a right-handed coordinate system, anti-
clockwise mation looking down the rotation axis is defined as
positive, while clockwise motion is defined as negative. For
example, the Larmor precession of nuclear spins around the
magnetic field has adefinite sign (negative for spins of positive
magnetogyric ratio y, and positive for spins of negative magne-
togyric ratio v). The Larmor frequency is a different type of
physical quantity to the spectrometer carrier frequency.

To fill the semantic vacuum, this article distinguishes con-
sistently between ‘‘signed’”” and ‘‘unsigned’’ angular fre-
quencies. The use of a symbol w indicates a signed angular
frequency, expressing a physical rotation about an axis, for
example, the Larmor precession frequency of nuclear spins
about the field. The modulus |w| is used for frequencies
which are positive by definition, such as those corresponding
to a number of events per second, multiplied by 2.

To unravel the relevant sign issues, the entire chain of
eventsinvolved in producing an NMR spectrum is examined
closely. This includes the generation of the RF pulses, the
excitation of spin coherences, the electromagnetic induction
of electrical signalsin the receiver coil, quadrature detection,
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the post-digitization phase shifting of the signal, Fourier
transformation, and finally, the presentation of the spectrum.
Much of this discussion is rather elementary. However, an
unusual level of explicitness seems justified. In my view,
the general tendency to take most of this reasoning for
granted has probably contributed to the persistence of the
errors. Even those readers who disagree with the arguments,
and conclude that a rationalization of sign usage is unneces-
sary, may find that a compilation of the reasoning in one
place is a useful basis for discussion.

After the detailed examination of the NMR experiment,
the need for a consistent treatment of signs is highlighted
by simple examples. Concrete suggestions for future practice
are then given. These include not only revised labeling and
plotting of spectra, but also modifications in the pulse pro-
gramming and data processing software.

One of the main recommendations of this article is that
the phases involved in the NMR experiment should be ad-
justed to account for the sign of the magnetogyric ratio of
the resonant spin species. To clarify this issue, two distinct
symbols for phases are used in this article. The symbol
isused for ‘*ordinary’’ phases, as generated by the spectrom-
eter electronics, or in the case of the post-digitization phase
shift, by the signal processing hardware at the outputs of the
analog—digital converters (ADCs). These phases take their
conventional meaning according to normal usagein electron-
ics and mathematics. For example, the carrier wave of the
spectrometer is given by

Scarrier(t) ~ COS(|wcarrier|t 4 wcarrier)’ [l]

where iy " is the radiofrequency carrier phase. On current
spectrometers, the pulse program software allows direct con-
trol of this phase. It is generally assumed that this radiofre-
guency phase shift istransferred without change to the rotat-
ing-frame nutation axes governing the spin dynamics. As
will be shown, this is incorrect in general. In this article,
phases of direct importance to the spin dynamics are denoted
by the symbol ¢ and are related to the ‘‘raw’’ phases s
through

¢ = —(sign y), [2]
where sign v is equa to —1 if y is negative, and to 1
otherwise. This relationship applies not only to the RF
phases at the excitation stage, but also to the receiver refer-
ence phase, and the post-digitization processing of the sig-
nals at the outputs of the ADCs. This article recommends
that the spectrometer software should allow direct control
of the **y-sensitive’’ phases ¢, rather than the raw phases
. The phases used in pul se programs would then correspond
directly to the phases used in spin dynamical calculations.
At present, this is not the case, as discussed below.

165

The second main problem discussed in this article is con-
nected with the detection and processing of signals from spins
of negative magnetogyric ratio y. It is argued that current
detection schemes actually produce quadrature image spectra
for such spins. This has passed by without notice probably
because this error cancels out the above-mentioned error associ-
ated with the sign of the nutation axis phase shifts. However,
rationalization of the nutation axis phase shifts a so necessitates
careful attention to this problem. A corrected data processing
scheme for negative v signals is suggested.

At first sight, it is surprising that any attention need be
given to the sign of the Larmor frequency in ordinary NMR
experiments. After all, signal detection usually takes place
by a single RF coil, which cannot distinguish between mag-
netization components rotating in opposite senses. This is
in fact correct, and neither the software nor the hardware of
asingle-coil NMR spectrometer needs to be changed in order
to observe signals from spins with the opposite sign of y.
However, this article is concerned with a deeper problem—
not merely producing NMR signals, but understanding them
on a microscopic level. For this purpose, it is important
that there is a clear connection between the controllable
spectrometer parameters and the spin dynamics, and that
proper account is taken of the signs of the interactions be-
tween the spins and their molecular surroundings. It is on
this point that improvements are needed, in the author's
opinion.

Before proceeding, | emphasize that the sense of the nuta-
tion axis phase shift (which governs the direction of the
nutation axis) must not be confused with the sense of the
nutation itself. The sense of the nutation has aroused contro-
versy in the NMR world, which appears to be divided into
two schools, one of which advocates a *‘ positive nutation’’
convention, and the other a‘* negative nutation’’ convention.
Unlike the sense of the phase shift, the sense of the nutation
has no practical consequences at al, so there is complete
freedom on this issue. In this article, | define the rotating
frame in such away as to force a constant positive nutation
of the spins, which is mathematically convenient. This con-
formsto the usage of Ernst and co-workers, and many others.
However, the main arguments of this article are completely
independent of this choice.

SPIN INTERACTIONS

In this section, | review the principa interactions of
spins-3, with special attention given to signs. This discussion
is included mainly for the sake of unambiguity.

The Larmor Frequency
The signed Larmor frequency of nuclear spins with mag-
netogyric ratio y is given by

Wo = _')/Bo, [3]
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where By is the static magnetic flux density. In the case of
positive vy, the Larmor frequency wy is negative.

The negative sign of the Larmor frequency for spins of
positive y indicates that the spin angular momenta precess
around the magnetic field in a clockwise direction, as viewed
down the magnetic field lines (Fig. 1). This applies both
to individual spins and to the density operator of the spin
ensemble.

Spin precession may be described quantum-mechanically
by the Schrodinger equation. Define a laboratory coordinate
system L, with the z axis along the magnetic field direction.
The Hamiltonian of an isolated spin in the laboratory coordi-
nate system is

HI6 = u)olz.

[4]
Suppose the spin isin a laboratory-frame state |t,)" at time

t.. The state |t,)" at alater time t, > t, may be deduced by
integrating the Schrodinger equation

d L _ _iHL+\L
&|t> = —iHg D" [5]

This leads to

|tb>L = UO(tbv ta)|ta>Lu [6]

with the propagation operator

Uo(t, ta) = exp{ —iwo(t, — ta)l2}. [7]

Consider, for example, asingle spin-3, prepared at time't,

in a laboratory frame spin state |t,)"- with sharply defined
angular momentum +3 along the x axis:

Lt = +3]t)" [8]

For example, a suitable state is

1

|ta>L:_2{|a>+ 18)}, [9]
where |a) = [3), |8) = |—3), and |m) is an eigenstate of
I, with eigenvalue m:

[.[m) = m[m). [10]

After a positive time interval t, — t, = |7/(2w,) |, the spin
will have evolved into the state

[ty =3(1+isigny)|e) +3(1—isigny)|F), [11]
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FIG. 1. The sense of spin precession. (a) Case of positive y. A single

spin-3, prepared in a laboratory-frame quantum state |t,)", evolves into a
state |t,)" over an interval 7 = 3| 27/wo|. If the state |t,)" is an eigenstate
of I, with eigenvalue +3, then the state |t,)" is an eigenstate of the operator
I, with eigenvalue —3. This corresponds to spin precession in the negative
(clockwise) direction. (b) Case of negative y. The final state |t,)" is an
eigenstate of the operator |, with eigenvalue +3. This corresponds to spin
precession in the positive (anticlockwise) direction.

which has defined angular momentum —3 sign y around the
y axis:

ly[ts)" = —3(sign ) [t)". [12]

Spinsof positive y precessin the negative (clockwise) direc-
tion around the z axis; spins of negative y precess in the
positive (anticlockwise) direction (Fig. 1).
The behavior of individual spins is also reflected in the
behavior of the density operator p"(t) of the spin ensemble
po(t) = (DXt (13]
where the bar denotes an ensemble average. For example,
an initial spin-density operator proportional to the operator
I evolves into an operator proportional to —(sign y) |, over
the positive time interval t, — t, = |7/(2wo)|:
Uo(ts, ta) kUo(ts, ta) T = —(sign y)l,. [14]
The negative sign of w, for spins of positive magnetogyric
ratio is a source of much trouble and confusion, as will be
seen. Nevertheless, it is a physical fact which cannot be

defined away without a greatly contrived and specialized
convention, which only shifts the trouble elsewhere. One
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might, for example, employ aleft-handed coordinate system,
or define the z axis of the laboratory reference system to
be opposite to the magnetic field direction. Such awkward
possibilities are not considered further here.

Chemical Shifts

There are two main conventions for the chemical shifts
induced by the electron clouds surrounding the nucleus: In
the shielding system, the Larmor frequency of a molecular
site j is written

wl=w§ (1 -0, [15]
which expresses the physical idea that the local flux density
at sitej isreduced compared to that of an unshielded nucleus
by a fraction o’!. Here w§' is the Larmor frequency of an
agreed reference compound exposed to the same macro-
scopic magnetic flux density (defining ¢ = 0). The
shielding scale for chemical shiftsis particularly widespread
in solid-state NMR.

Since wy is negative for spins of positive vy, the Larmor
frequency shift —wf o is positive for positive shielding.
Electronic shielding causes the Larmor frequency to be less
negative, i.e., the Larmor frequency is shifted in the positive
direction. For spins of negative y, on the other hand, the
shielding shifts are negative.

Liguid-state NMR spectroscopists generally prefer a de-
shielding scale for chemical shifts. In this system, the
shielded Larmor frequencies are written

wh= w1+ 6. [16]
For *3C and *H spectroscopy, w' usualy refersto the refer-
ence compound tetramethylsilane (TMS). The Larmor fre-
guency shifts are negative with increasing deshielding 6, for
nuclei of positive y.

The laboratory-frame Zeeman Hamiltonian for spins in
site ] may therefore be written as either

Hi = wo(1 — o)l [17]
or

Hi = wo(1 + 69, [18]
where w§ is here written as w, for simplicity.

The reader is warned that the above usage is not universal
and that someworkers employ the notation o for deshielding.

Spin—Spin Couplings

The spin Hamiltonian for scalar coupling between spins
in sitesj and k is universally written as
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ljsckalar = 27r\]jk|j.|k- [19]
This indicates that if the J coupling is positive, the energy
of the spin system is increased when the spin angular mo-
menta are parallel, and is decreased when the spin angular
momenta are opposite. The factor 27 is necessary because
the J coupling isalways given in hertz, while the spin Hamil-
tonian requires radians per second. Note that the signs of y
of the involved spins are absorbed into the sign of Jj, itself:
For example, *C—**N and *C—"*N J couplings are opposite
in sign for spins in equivalent molecular sites.

The high-field through-space magnetic dipolar coupling
between spins in sites j and k is given by

direct

ik = <ka%(3 Coszajk = 1)),3Bljzle = I 1) [20]

where 6, is the angle between the spin—spin vector and
the static magnetic field, and the dipole—dipole coupling
constant is

by = _<ﬂ>7i_7’kﬁ, [21]

4 r j3k

in units of radians per second. The angular brackets (- - )
denote an average over rapid molecular motions. The negative
sign of by indicates that the dipole—dipole coupling decresses
the energy of the spin system if the vector joining the spins,
and the spin polarizations, are dl parale to the externa mag-
netic field, and the spins have the same sign of .

Equations [ 19] and [21] may be truncated further in the
usual way for heteronuclear spin systems in high field.

The Radiofrequency Field

During aradiofrequency pulse p, the spectrometer synthe-
sizer generates an electronic carrier signal of frequency
|w®@ | and phase is,:

s (1) = cos(|w@ [t + ). [22]
The carrier frequency |w®@ /2| is simply the number of
cycles per second of an oscillating electronic voltage and is
by definition positive. The phase shift i, is defined according
to standard practice in electronics: The waveform corre-
sponding to ¢, = w/2 is *‘behind’”’ the waveform corre-
sponding to ¢, = 0 by a quarter wave (Fig. 2).

The carrier frequency is close to the absolute value of the
Larmor frequency, |w® | = |wo|. Usualy this carrier wave
is generated by a radiofrequency mixing scheme involving
combinations of other radiofrequency signas. In this case, care
must be taken that the sense of the final phase shift i, of the
carrier wave is compatible with Eq. [22] (17).

Throughout this article, the origin of the time coordinate
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FIG. 2. Correspondence between radiofrequency carrier waves and rotating-frame fields, ignoring resonance offset effects. (a) A radiofrequency
wave of frequency |w ™| and phase s, = O corresponds to nutation around the x axis for spins of both positive magnetogyric ratio (b) and negative
magnetogyric ratio (c). (d) A radiofrequency wave of frequency w "™ and phase i, = 7/2 corresponds to nutation around the —y axis for spins of
positive magnetogyric ratio (€) but around the y axis for spins with negative magnetogyric ratio (f).

t = Oischosen to coincide with the start of signal acquisition.
The time origin is assumed to be reset on each independent
RF pulse sequence/signal acquisition scheme. This choice
of the time origin is consistent with the definition of Fourier
transformation (see below). A consistent choice of time
origin is particularly important for rotating samples [ see, for
example, Ref. (18)].

It should be mentioned that current spectrometers do not
usually synchronize the pulse sequence gate events with the
oscillations of the carrier wave. This implies that the phase
origin of the carrier varies randomly from transient to tran-
sient. Thisisundesirablein general, but the effects are gener-
aly thought to be minor, except for very short intense RF
pulses (19). This random overall phase shift is ignored in
this article.

We now examine the interaction of the nuclear spins with
the RF field. Consider an ensemble of single spins-3, in sites
j with shielding constant ¢! and Larmor frequency w/, ex-
posed to a RF field of frequency |w®"®| along the x axis
of the laboratory reference system L. For simplicity, it is
assumed that the RF magnetic flux density at the spins is
proportional to the amplified RF carrier wave. We may ne-
glect the constant instrumental phase shift from the propaga
tion delays in the cables and the tuned circuits in the trans-
mission circuitry and the probe. The magnetic flux density
experienced by each spin is given by

B(t) =

Bo(1— o')e, + 2BreCos(|w@ |t + )6, [23]

where g, and e, are unit vectors, and the peak amplitude of
the RF flux density at the spins is written 2Bg-. The spin
Hamiltonian in the laboratory frame is

H (1) = wil, + 2wnCos(| w@™ |t + ¢,)lix, [24]
defining the (signed) nutation frequency

Wht = — ’yBRF' [25]
The transformation of the spin Hamiltonian to the rotating
frame is elementary, but is given in full so as to make clear
the propagation of signs. The laboratory frame Hamiltonian
is conveniently written as
H (t) = wil;, + H5(t) + H (1), [26]
where the interaction of the spinswith the RF field is decom-
posed into two components, rotating in opposite senses:

HE (1) = 317 wuexp{ i (Jo =" [t + y)}

+ 31 wonexp{ Fi(|w =t + ¢)}. [27]

The H'. component represents the interaction of the spins
with a field component rotating in the positive sense about

the static magnetic field. The H- component represents the
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interaction of the spins with a field component rotating in
the negative sense.

To analyze the spin dynamics, the spin Hamiltonian is set
into a more amenable form by a rotating-frame transforma-
tion. The transformed Hamiltonian is given by

H(t) = V(1)"H (t)V (1) — wrrametlz, [28]

where the frame transformation operator V is given by

V(1) = exp{ —i (Wiramet + Prrame)lj2} - [29]
The (signed) rotating-frame frequency is denoted wyame. The
initial phase of the rotating frame is denoted ¢s,ame @and may
be chosen arbitrarily.

Proper application of perturbation theory requires that the
transformed Hamiltonian is (i) periodic, i.e, H(t) =
H(t + NT) where T is the period and N is an arbitrary
integer, and (ii) small compared to its own period, i.e., |HT]|
< lwhere||- - -] indicatesthe largest differencein eigenval -
ues (20) . Both conditions are accomplished in the high-field
case (B, > Bgr) if arotating-frame frequency wirame IS chosen
which (i) has the same magnitude as that of the carrier wave
|we@™ |, and (ii) has the same sign as the Larmor frequency
wg. With this choice, the transformed Hamiltonian is peri-
odic with period T = |27/w®"®| and small compared to
its own period. The appropriate choice of the rotating-frame
frequency is therefore

Wirame = _(Sign ,y)|wcarrier|, [30]
in which case the rotating-frame Hamiltonian is
H(t) = (wb — wiame)ljz + HL (1) + H_(t), [31]

with the components

Hi(t) :lljiwnut

X eXp{ i[(i|wcarrier| - wframe)t * ‘/Jp - ¢frame]}

+ %IjernUleXp{ _i[(i |wcarrier| - wframe)t * lpp - d)frame]} .

[32]

In the case of positive y, the H_ component is time inde-
pendent and is given by

Ho =21, waexp{ =i (¥p + Prrame)}

+ 31 wna@P{ +i (W + brame)} (for y > 0). [33]
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In the case of negative v, the H.. component istime indepen-
dent and is given by

H, = %lj_wnuteXp{ +i (Yo — Drrame) }

+ 31" woueXp{ =1 (¥p — drrame)} (for y < 0). [34]

In both cases, the *‘ counterrotating’’ components (H, inthe
case of y > 0 and H_ in the case y < 0) are rapidly time
dependent, and to a good approximation only give rise to
small Bloch—Siegert shifts (21), which may usualy be ig-
nored.

I now consider the sense of the nutation frequency wyy.
From Egq. [ 25], the nutation frequency w,. is negative for
the case of positive y spins, and positive for the case of
negative y spins. This implies that positive y spins precess
in the clockwise direction around the rotating-frame fields,
while negative y spins precessin the anticlockwise direction.

In this article, | adopt the usage of Ernst and co-workers
(22), in which the sign of w,, is deliberately cancelled by
a proper choice of the rotating-frame phase ¢same:

d) s
frame — 0

This compensates for the awkward change in sign of the
nutation frequency wn, for spins with opposite signs of y
and ensures that strong ideal pulses of flip angle 8 aways
lead to mathematically positive rotations of the spin polariza-
tions through the angle g in the rotating frame. However, |
emphasize that this ‘*‘ positive nutation’’ convention is inde-
pendent of the rest of this article. The conclusions as to the
sense of the RF phase shift hold whatever the convention
for the sense of the nutation.

With the choice of ¢rame given in Eq. [35], the resonant
component of the rotating-frame spin Hamiltonian is

if y >0
: [35]
if y <O

H. = %If |wnut|exp{ _il/jp} + %Ir |wnut|exp{ “/jp}

(for y > 0), [36]

and

1

H. = 31 lwnalexp{ivs} + 31 |wnal exp{ it}

(for y < 0). [37]

I now introduce the phase of the nutation axis ¢, which
is related to the phase of the RF carrier wave during the
pulse according to

bp = —(Sgn ¥)p. [38]
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The rotating-frame spin Hamiltonian during the pulse may
then be cast in a y-independent form

H = Awllj, + |wnal (1jxC0S ¢y + 1,Sin ¢p), [39]

where Aw{ is the resonance offset (ignoring the Bloch—
Siegert shift):

Awd = wd — Wirame: [40]
and |wny| is the magnitude of the nutation frequency.

Equation [39] is the familiar form of the rotating-frame
Hamiltonian, corresponding to the nutation of the spins about
an axis with alongitudinal z component proportional to the
resonance offset and a transverse component proportional to
the radiofrequency field. The only new feature is that the
orientation of the nutation axis in the transverse plane is set
by the phase angle ¢,, which is opposite in sign to the
electronic phase shift s, of the RF carrier wave for spins of
positive y (Eq. [38] and Fig. 2).

For positive v, the phase shift of the nutation axis is
opposite in sign to the values shown in current pulse pro-
grams. For example, programming the RF carrier phase as
Yp = ml2 (generaly caled a*'y pulse’’) nutates positive
v spins about an axis with phase ¢, = —7/2 (the —y axis
for strong RF pulses). Similarly, programming the RF car-
rier phase phase as ¢, = 3n/2 (generally caled a *‘—y
pulse’’) nutates positive y spins about an axis with phase
¢p = +m/2 (the y axis for strong RF pulses). Pulses of
phase ¢, = 0 and ¢, = m, on the other hand, come out
“‘right,”” in the sense that the nutation is about the expected
axis (the x axis for strong pulses of phase ¢, = 0 and the
—x axis for strong pulses of phase i, = 7).

The dynamics of nuclear spins are sensitive to the sense
of the nutation axis phase shift. All pulse sequences involv-
ing phase shifts in noninteger multiples of = must take into
account the direction of the nutation axis in order to obtain
correct physical predictions. A ssimple exampleisgiven later.

These conclusions are independent of the sense of the
nutation around the rotating-frame axes. If the phase angle
brame 1S SeL 1O Zero, the sign of the nutation frequency wy
isretained. The same conclusions apply, but with an uniform
« phase shift of all nutation axes, in the case of positive vy.
Since the NMR experiment is only sensitive to relative phase
shifts, this does not matter.

It is quite surprising that the above problem seems not to
have attracted notice earlier. As argued below, this may be
because of another common sign error in the labeling of the
spectral frequency coordinate.

THE NMR SIGNAL

Spin Coherences

The relationship between the spin coherences and the
time-domain signal (free-induction decay) is now examined.
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For simplicity, an ensemble of isolated spins-3 in equivalent
sites j with Larmor frequency w is considered.

The laboratory-frame density operator for the spin ensem-
ble may be written

p-=phli +egli + el +egll, (41

with the following abbreviations for the spin-state popula
tions and the laboratory-frame (#1)-quantum coherences.

re = (Blp*la)

iy = (alp"I1® = pb*
Pl = (alp‘la)

Pty = (Blp“18) = 1— pp.

The laboratory-frame spin-density operator obeys the von
Neumann equation of motion

[42]

L o) = —iTHY(W, (0] - Fo(0),

[43]
where H" is the coherent part of the spin Hamiltonian and
I is the relaxation superoperator in the Redfield limit [in-
cluding thermal polarization effects if desired, see Ref.
(8,9)]. If there are no RF fields, and under the usual ‘* secu-
lar'’ approximations for the relaxation, the free precessional
motion of the laboratory-frame coherences from time point
t, to alater timet, is

P () = piy(ta)exp{ (iwd — N)(t — ta)}
Pi(t) = pr(ta)exp{ (—iwd — N)(t, — t.)}. [44]

Here A = T3 is the damping rate constant for the (+1)-
quantum coherences (‘‘spin—spin relaxation rate’’). The
(—1)-quantum coherence pp; rotates in the complex plane
at the Larmor frequency w§, while the (+1)-quantum coher-
ence pr, rotates in the complex plane in the opposite sense,
at the frequency — w{. The physical precession of the spin
magnetization vector in the transverse plane corresponds to
the abstract motion of the (—1)-quantum coherence in the
complex plane.
The rotating-frame spin-density operator is given by

p(t) = V() p (V (D),

where the transformation operator V (t) isgiven by Eq. [ 29].
The rotating-frame density operator may be written

[45]

p=rpoli +pali + el + palf [46]

and obeys the equation of motion

L o) = —iH@®, o0 - o, [47]
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where H is the rotating-frame spin Hamiltonian given in Eq.
[39]. The rotating-frame and laboratory-frame coherences
and populations are related through

pB(t) = pll_ﬂ(t)exp{ =1 (Wiramet + Prrame) }
pe(t) = pi(t)exp{ +i(Wiand + Prrame) }
pa(t) = pi(t)

pa(t) = ph(D). [48]
The free precessional motion of the rotating-frame (#+1)-
guantum coherences in the absence of applied RF fields is
therefore

pa(ts) = po(ta)exp{ (iAwd — M) (&, — t.)}
pa(ts) = pm(ta)exp{ (=idws — N)(t, — ta)}, [49]

where Aw{ is the resonance offset (Eq. [40]).

The (—1)-quantum rotating-frame coherence p rotates
in the complex plane at the resonance offset frequency
Aw}, while the (+1)-quantum rotating-frame coherence
p rotates in the complex plane in the opposite sense, at the
frequency — Aw.

The motion of the (—1)-quantum rotating-frame coher-
ence pg in the complex plane corresponds exactly to the
physical precession of the transverse spin magnetization in
the rotating frame. On quadrature detection, signals induced
by the (—1)-quantum rotating-frame coherences may there-
foreberegarded as*‘true’’ NMR peaks, while signals associ-
ated with (+1)-quantum rotating-frame coherences are
‘*quadrature artifacts,’’ rotating at minus the resonance off-
set and appearing at mirror image positions in the spectrum.
A well-adjusted quadrature receiver selects the (—1)-quan-
tum signals and suppressesthe (+1)-quantum artifacts. Note
that this interpretation is independent of the sign of .

The Free-Induction Decay

I now examine the connection between the radiofrequency
NMR signal and the single-quantum coherences of the nu-
clear spin system. Suppose that the RF coil is located along
the x axis of thelaboratory system. The nuclear spin magneti-
zation along the x axis is proportional to the nuclear spin
angular momentum and is given by

Mx ~ <|jx>
= Tr{PLljx}
~ b+ Pl [50]

omitting unnecessary constants. Obviously, the laboratory-
frame (+1)- and (—1)-quantum coherences both contribute
to the transverse nuclear spin magnetization.
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If the sample is static or the RF field perfectly uniform,
the phase modulation effects described by Goldman et al.
(14) and others (15, 16) may be ignored. The voltage gener-
ated in the coail is proportiond to the time derivative of the
nuclear spin magnetization in the coil direction. Assuming
that the free-induction decay is simply proportional to this
voltage and ignoring constant instrumental phase shifts, | get

d
) ~ — M,
Sap (1) ot

d d
~&PLB(I) +ap(t)- [51]
This corresponds to
sFID(t) ~ +iwframepE|(t)eXp{ +i(wframet + d’frame)}
_iwframep(t)exp{ —i (Wframet + d)frame)} ) [52]

ignoring the slow time dependence of the rotating-frame
coherences p and pg. Substitution of Eq. [30] and Eq.
[35] leads to the following relationship between the FID
and the rotating-frame coherences:

Seip (1) ~ +i|w™™ | py (1) exp{ +iwrramet}

—i|w®| p (t) exp{ —iwrramet} . [53]
The multiplicative factor |w®"®| is now dropped for sim-
plicity, after noting that the efficiency of signal induction is
approximately proportional to the Larmor frequency, as it
should be.

Quadrature Detection

Quadrature detection of the NMR signa is now consid-
ered, in particular the connection between the digitized NMR
signal and the rotating-frame coherences of the spin system.
For ssimplicity, atraditional two-channel quadrature receiver
is considered. More sophisticated detection schemes, involv-
ing signal oversampling and digital signal processing, are
common, but the basic principles are not very different.

A block diagram of a traditional quadrature receiver is
shown in Fig. 3. The signal flow is from left to right. The
receiver receives two inputs, the amplified free-induction
decay sp and the receiver reference signal s... Both of
theseinput signalsare split and directed down two equivalent
paths. The split receiver reference signalsare given arelative
phase shift of 7/2. The NMR signals and receiver reference
signals are multiplied together by RF mixers and subjected
to low-pass filtration. The audio anal ogue outputs of the two
low pass filters are denoted s, and ss.
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FIG. 3. A block diagram of a conventional quadrature receiver and the subsequent digitization stage. The oval symbols denote phase shifts.

The RF receiver reference signal is proportional to

Sec(t) ~ 2 cos(|w ™™t + Yrec), [54]
where . is the radiofrequency receiver reference phase,
usually under pulse program control. The carrier phase
| we@ e | during signal detection is usually the same as that
used under the excitation pulse sequence, but this is not
essential. As usual, the symbol ¢ indicates that no account
is yet taken of the sign of .

The receiver outputs are digitized by separate ADCs. The
two ADC outputs are subsequently treated as the real and
imaginary components of a complex digital signal, denoted
here s4. If the output of channel A is assigned as the real
part, and the output of channel B is assigned as the imaginary
part, the digitized complex NMR signal is given by

Suig(t) = Sa(t) + iss(t). [55]

The quadrature NMR signal sq(t) is generaly given a
further phase shift after digitization, before co-addition with
the accumulated NMR signals of previous signal acquisi-
tions. On many instruments, this phase shift is implemented
by hardwired manipulations of the outputs of the ADCs and
may be expressed mathematically

S(t) = Siig(t)exp{ idlpostdig} , [56]

where s(t) is the complex digitized NMR signal transferred
to the computer. For example, a post-digitization phase shift

of Ypestaig = m/2 corresponds to the following relationship
of the real and imaginary parts of the signals:

Re{s(t)} = —Im{ syq(t)}
Im{s(t)} = +Re{suq(1)}.

This may therefore be implemented by swapping the outputs
of the real and imaginary channels, followed by a change
in sign of the real channel. Phase shifts of Ypesaig = 7™ and
37/2 may be executed in similar fashion. Although post-
digitization phase shifts in multiples of 27/3 have advan-
tages (23), current instruments are usually only capable of
easily implementing values of ¢ qig iIN Multiples of /2.

The post-digitization phase shift .« g iS Often confused
with the radiofrequency receiver reference phase .. These
phases are actually completely distinct. For example, signals
with different RF phases and post-digitization phase shifts
Ypost dig MaY be combined, in order to remove artifacts caused
by imbalance in the quadrature receiver channels (24). This
effect cannot be achieved by cycling of the radiofrequency
phases ¢re.

The connection is now traced among the radiofrequency
FID s4p, the spin coherences, and the digitized signal s(t),
keeping careful track of relative signs. For simplicity, the
two channels of the quadrature receiver are assumed to have
identical electrical characteristics. The two receiver refer-
ence signals at the inputs to the mixers are taken as

[57]

Sféc(t) ~ 2 COS(|wcarrier|t + ‘;[frec)

sh(t) ~ 2 cos(lww'"e“lt + Yree — g) ) [58]
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This corresponds to an overall RF receiver phase shift of
e and arelative phase shift of =/2 between the two chan-
nels. The sign of the relative phase shift between the two
channelsisfixed internally in the receiver hardware. As seen
below, the relative phases in Eq. [58] are compatible with
the assignment of the **A’’ and ‘*B’’ channel outputs to the
real and imaginary parts of a complex NMR signal.

The output of mixer A is proportional to the product of
the inputs and is given by sqp(t)Skc(t). A similar equation
applies to the output of mixer B. The two mixer outputs are
subjected to low-pass €electronic filtration, which may be
expressed mathematically as a convolution with a time-do-
main filter function:

Sa(t) ~ [sao(t)srec(t)] ® g(t)

SO ~ [50(0s%M] ® (0. [59]
The convolution is defined (25)
(®an = ftew -oa, (6]

where g(t) is a smooth time-domain function which changes
little on the time scale of a single period of the carrier fre-
quency |w®@ |, The effect of the time-domain convolution
is to remove radiofrequency components of the input function.
The digitized complex NMR signal is given by
Suig(t) = sa(t) + isg(t). [61]
Since convolution isalinear operation, the digitized complex
NMR signal at the outputs of the ADCs is given by

Suig(t) = Sa(t) +iss(t)
= [srp(t) (Stec(t) + isrec(1))] @ (1)
= [2sap (1) exp{i(|w ™™ [t + ¢e) } ] @ 9(1). [62]
Inclusion of the post-digitization phase shift leads to the

following form of the complex NMR signal as represented
in the computer:

S(t) = [2sua(t)exp{i (||t + Yrec + Yposaig)} ]
@ g(t). [63]

It proves useful to define a y-sensitive receiver reference
phase ¢ and post-digitization phase ¢ s dig, With the same
relationship to the raw phases e and Ypos sig @ holds for
the pulse phases i, and ¢, (Eq. [38]):

Prec

d)post dig =

= (89N V) Yrec

— (S9N ) Ypost dig- [64]

173

The complex NMR signal may then be written

s(t) = [2smp(t)exp{ —i(sign y)
X (Wframet + ¢rec + d’postdig)}] ® g(t)- [65]

This may be combined with Eqg. [53] to obtain the desired
explicit link between the rotating-frame spin coherences and
the digitized NMR signal. For positive y nucle, one obtains

S(t) ~ ZipE(t)eXp{ _i(d)rec + ¢postdig)}

(for y > 0), [66]

while for negative y nuclel, a different equation is obtained

S(t) ~ —2ipg(t)exp{ +i(¢rec + Ppostaig)}

(for v < 0). [67]
To obtain these equations, the convolution with the filter
function g(t) was taken into account by removing al high-
frequency signal components.

For positive y nuclel, Eq. [66] reveals the expected rela-
tionship between the rotating-frame (—1)-quantum coher-
ences and the detected signal. As remarked above, the rota-
tion of the (—1)-quantum coherences in the complex plane
has a direct correspondence with the precession of the trans-
verse spin magnetization in the rotating frame. For negative
v nuclei, on the other hand, the relationship Eq. [67] is
“‘backward,’”’ in the sense that the NMR signal is related to
the (+1)-quantum coherences. This means that for negative
v nuclei, a normal quadrature receiver actually detects the
quadrature artifacts, rotating in the mirror-image sense in
the rotating frame. Physically this is because at present (i)
the receiver channels are hardwired in afixed phase relation-
ship, and (ii) the assignment of the receiver outputs to the
real and imaginary components of the complex signal takes
no account of the sense of the Larmor frequency.

One of the recommendations of this article is that this
problem is rectified by taking the complex conjugate of the
digital signal, in the case of negative y. The above equation
then becomes

s(t)* ~ ZiPB(t)eXp{ —i(rec + (;bpoadig)}
(for v < 0).

[68]

The right-hand side of this equation has the same form as
the equation for positive y nuclel. The physical significance
of taking the complex conjugate is to reverse the relative
phase shift of the two receiver channels, reflecting the differ-
ent senses of the Larmor precession. This could also be
done by hardware, but a software solution is probably more
convenient.
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In order to elucidate theinterplay of these phases, consider
a simple experiment in which a strong 7/2 pulse is applied
with rotating-frame field phase ¢, followed by signal detec-
tion using a receiver phase ¢, and post-digitization pro-
cessing of the NMR signals with the phase shift ¢pog dig- The
discussion will be conducted using the y-sensitive phases ¢
rather than the ‘‘absolute’’ phases .

If the pulse has flip angle #/2, its duration is 7, =
(w/2)/| wny| . Signal acquisition is supposed to begin imme-
diately after the pulse. The initial spin-density operator is
assumed to be in thermal equilibrium

p(—75) ~ iz, [69]
omitting unnecessary constants. During the pulse, the spin
system experiences a rotating-frame Hamiltonian given by
Eq. [39], which may be written

H= |Wnut| RjZ(qbp)IiXRiZ(_d)p)’

where R, is the operator for rotations of spins |; around the
z axis:

[70]

Rz(dp) = exp{ —idpl;z} .

The resonance offset is ignored during the strong pulse, for
simplicity. The pulse produces a spin-density operator given
by

[71]

p(0) = exp{ —iH7.} p(—7p)exp{ +iH7,}
~ _Rjz(d)p)lijjz(_d)p)v
assuming a pulse with flip angle |wn| 7p = 7/2. The rotat-

ing-frame (=1)-quantum coherences at the beginning of sig-
nal acquisition (time point t = 0) are given by

[72]

p(0) ~ 5 exp{id}

pa0) ~ = 5 exp{ ~idy}. (73]

This shows that the (—1)-quantum coherence picks up a
phase factor equal to the nutation axis phase ¢,, while the
(+1)-quantum coherence picks up an opposite phase factor.

If free evolution now takes place in the absence of applied
RF fields, | get the following eguations for the rotating-
frame coherences at timest = 0:

po(t) = % exp{i(Awlt + ¢,) — At}

pg(t) = — 1 exp{ —i (Awlt + ¢,) — Nt}. [74]
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Consider now the case of y > 0. The final signal, after
quadrature detection, digitization, and post-digitization
phase shifting, is given by

s(t) ~ exp{i(Awlt + ¢) — At} (for y > 0), [75]
where the total signal phase shift is
¢t0t = ¢p — qbrec - d)posldig- [76]

In terms of the electronic carrier phase shifts and the absolute
post-digitization phase shift, this may be written

D" = =y + P + Yposaig (fOr y > 0).  [77]

Severa observations may now be made:

1. The NMR signa is insensitive to identical RF phase
shifts of the pulse and the receiver.

2. If the receiver is perfectly adjusted, the receiver refer-
ence phase ¢, and post-digitization phase shift ¢pos aig be-
have identically.

3. NMR signals accumulate if the total phase ¢ is the
same on every transient. For example, if the receiver refer-
ence phase during the signal detection is set to zero (¢ =
0), then signals accumulate if the nutation axis phase ¢,
and the y-sensitive post-digitization phase ¢pes dig are always
equal. This corresponds to the well-known CY CLOPS pro-
cedure for canceling the effects of receiver imperfections
(24). The phases ¢, and ¢pedig iNCrement synchronously
in steps of 7/2.

4. Current implementations of CY CLOPS manipulate the
absolute carrier phase of the pulse i, and the absolute post-
digitization phase shift . ¢ig- AS both of these arerelated to
the y-sensitive phases ¢, and ¢4 g through a sign change,
current implementations of CYCLOPS do of course work
properly.

For negative y nuclei, similar conclusions apply. Ac-
cording to Eq. [67], the NMR signal is given by

s(t) ~ exp{ —i(Awlt + ¢"*) — At} (for y < 0), [78]
where the total signal phase shift is
QSM = ‘f)p - d)rec - d)posldig

= hp — PYrec — Ypostaig (fOr v < 0). [79]

The total signal phase shifts for nuclei of positive and nega-
tive y differ only by a sign change. Since phase-cycling
procedures such as CYCLOPS are designed to give zero
overall phase shift for desired coherence-transfer pathways,
they work identically for positive and negative y nuclel.
This article recommends taking the complex conjugate of
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the digitized signals from negative v nuclei. In this case,
the NMR signal in a single-pulse experiment is

s(t)* ~ exp{ +i(Awdt + ¢*) — At} (for y < 0). [80]

The digitized signal s(t)* from negative v nuclei has an
identical form to the digitized signal s(t) from positive y
nuclei. Selective use of the complex conjugate allows experi-
ments to be treated consistently for al nuclei. | return to
this point below.

FOURIER TRANSFORMATION
AND THE NMR SPECTRUM

Spins of Positive Magnetogyric Ratio

| first discuss the processing of NMR signals from spins
with positive y. The digitized, accumulated, NMR signal is
subjected to numerical Fourier transformation, defined

S(w) = f: s(t)exp{ —iwt} dt. [81]

This equation implies that the time origin t = O is chosen
to be the start of signal detection. The technical differences
between discrete and continuous Fourier transforms are ig-
nored.

For the ssimple one-pul se experiment described above, the
contribution of one FID to the spectrum is easily evaluated
as

S(w) ~ exp{i¢"*}L(w; Awd, ), [82]
where the combined phase shift ¢ of the excitation and
detection processes is given in Eq. [ 76]. The complex Lo-
rentzian peakshape function is defined

1
N+ i(w—

L(W; Weenters ) = [83]

woenter) .

The real part of L(w; weemer,» \) iS an ‘‘absorption’” Lo-
rentzian centered at the frequency wenrer @nd with half-width-
at-half-height \. The imaginary part isminusa‘*dispersion’’
Lorentzian

L=A-iD. [84]

The question now arises as to how the spectrum S(w)
should be presented, so as to conform to the accepted con-
vention for the display of chemical-shift information.

The universal convention for the presentation of NMR
spectra is that least-shielded resonances are shown on the
left of the spectrum, while most-shielded resonances appear
on the right. The o scale (shielding) increases from left to

175

right, and the 6 scale (deshielding) increases from right to
left. This venerable convention originates in the days of
field-swept NMR, where the applied magnetic field was plot-
ted as increasing from left to right across the spectrum.

As shown above, the peaks in the NMR spectrum of un-
coupled spins appear at the chemically shifted resonance
offset frequencies Awd = w{ — Wirames WHEre wiame IS the
frequency of the rotating frame, equal to minusthe spectrom-
eter carrier frequency |w®"®|. The resonance offset of an
isolated spin with shielding constant ¢! is given by

A‘U(j) = WO(l - Uj) — Wtrame: [85]
which is conveniently written
Awd = —wo(o! — 09). [86]

Here o° is the rotating-frame frequency (the center of the
spectrum), expressed in shielding units. In deshielding units,
the same resonance offset frequency may be written

Awd = we(6' — 6°), [87]
where 6° is the rotating-frame frequency (the center of the
spectrum) on the deshielding scale.

The Larmor freguency wy is negative for spins of positive
v. It follows that well-shielded spins (high values of o)
are shifted to positive frequency, while less-shielded spins
(low values of o) are shifted to negative frequency. Since
spectra are presented with shielding increasing from left to
right, the correct presentation of the function S(w) is with
negative frequency coordinates w < 0 on the left, positive
frequency coordinates w > 0 on theright, and zero frequency
w = 0 at the center. The spectral function S(w) produced
by Fourier transformation of the signal s(t) should therefore
be plotted and labeled in the usual mathematical convention,
with the frequency axis increasing from left to right, as
shown in Fig. 4.

Plotted this way, the frequency coordinate of aNMR peak
corresponds directly to the precession frequency of the mag-
netization in the rotating frame. Spectral peaks in the right-
hand half of the spectrum are associated with magnetization
components precessing in the positive (anticlockwise) direc-
tion in the rotating frame. Spectral peaks in the left-hand
half of the spectrum are associated with magnetization com-
ponents of less-well-shielded sites, which precessin the neg-
ative (clockwise) direction in the rotating frame. Spectral
peaks at the center of the spectrum (w = 0) are associated
with magnetization components whose precession frequency
exactly matches the rotating-frame frequency.

The above recommendations for plotting the function
S(w) correspond to actual practice on current instruments.
However, usually, the frequency axis labeling is reversed.
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FIG. 4. Frequency axes for nuclei with positive magnetogyric ratio. By
tradition, the shielding scale o increases from left to right, while the des-
hielding scale 6 increases from right to left. The origin of these scales is
set by agreed reference compounds. The spectral frequency coordinate w
increases from left to right, with zero corresponding to the Larmor frequency
Wo = Wirame = — |w ™|, The plotted spectral function is S(w) (Eq. [81]).

On commercia instruments, the spectral function S(w) is
plotted as described above, but the frequency axisis usually
labeled as if negative frequencies were on the right, and
positive frequencies were on the left. This corresponds to a
labeling of the axis with the corresponding value of |wd|
— |w®@ |, which actually corresponds to minus the true
frequency coordinate, in the case of positive y nuclei. Note
that it isonly the labeling which isincorrect, not the sense of
the plotted function S(w). Thiswould merely be anirritating
mistake, if it had not also contributed to a misinterpretation
of the sense of rotating-frame precession of the spins. This
has in turn obscured the simultaneous error in the sense of
the nutation axis phase shift. Seen in isolation, these errors
cancel and are not disturbing. However, they lead to awk-
ward difficulties in a wider context, when the signs of spin
interactions are related to particular spectral features.

Spins of Negative Magnetogyric Ratio

The signal processing and spectral presentation for spins
with negative vy is subject to even more serious confusion.

As discussed above, it is recommended that the complex
conjugate of the digitized signal s(t) is taken before Fourier
transformation. | first discuss the situation without imple-
mentation of the complex conjugate, i.e., the status quo on
current instruments.

The current practice is to process the signals from nega-
tive-y nuclei in identical fashion to the signals from positive-
v nuclei. For isolated negative-y spins in sites j, Fourier
transformation (Eq. [81]) of the signal (Eq. [78]) yields
the spectral function

S(w) ~ exp{ —idp™} L(w; —Awd, \) (for y < 0), [88]
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where the overall phase shift ¢ from the excitation and
detection processes is given in Eq. [ 79]. Note that the Lo-
rentzian peak appears at minus the resonance offset Awj.
Thisisa‘‘quadratureimage’’ of the real NMR peak, consis-
tent with the observation of (+1)-quantum rotating-frame
coherences for negative-y nuclei.

We must now reconsider how to present this spectrum,
so as to be consistent with the conventional chemical-shift
scale. Since the Larmor frequency is positive, well-shielded
spins (high values of ¢ !) are shifted to negative frequency,
while less-shielded spins (low values of o) are shifted to
positive frequency. It follows that the resonance offset
Aw} increases from right to left for negative-y nuclei. This
isillustrated in Fig. 5.

Thiswould seem to imply that for negative vy, the spec-
trum should be plotted backward, with the w-coordinate
increasing from right to left. However, since the conven-
tional procedure detects the quadrature images, spectral
peaks actually appear at the mirror-image frequencies —
Aw}. As aresult, a conventionally oriented spectrum is
achieved by plotting the spectrum S(w) in the usual math-
ematical sense, with the frequency coordinate increasing
from left to right. To add to the confusion, the frequency
axis is then labeled according to the corresponding value
of |wd| — |w®™ |, which increases from right to left,
and which now has a very distant relationship with the
rotating-frame precession frequencies of the magnetiza-
tion components.

It is not easy to pick one's way through this confusion.
Fortunately, there is an easy way out. Define the spectral
function Sas the Fourier transform of the complex conjugate
of the time-domain signal s(t):
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FIG. 5. Frequency axes for nuclei with negative magnetogyric ratio.
The spectral frequency coordinate w increases from right to left, with zero
corresponding to the Larmor frequency wo = Wirame = + | w ™" |. The plotted
spectral function §w) is the Fourier transform of the complex conjugate
of the time-domain signal (Eq. [89]).
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S(w) = f s(t)* e “'dt. [89]
0
For negative-y nuclei, this has the form
S(w) ~ exp{ip"} L(w; Awé, N), [90]

for the simple one-pulse case. § w) has the same form for
negative-y spectral as the ordinary spectral function S(w)
has for positive-y signals (Eq. [82]). If Sis used, the spec-
tral peaks are no longer quadrature images and appear at the
true rotating-frame frequency coordinates Aw.

To conform to the convention for presenting chemical
shifts, the spectral function §w) must now be plotted ‘‘from
right to left,”” i.e., with negative frequency coordinates w <
0 on the right, positive frequency coordinates w > 0 on the
left, and zero frequency w = O at the center. The labeling
of the frequency axis should also conform to this reversal.
Thisisillustrated in Fig. 5.

There is a different scheme to rationalize the spectra pre-
sentation for negative-y nuclei, which avoids the right-to-
left plotting of the spectral function §w). To avoid further
confusion, this discussion is relegated to an Appendix.

EXAMPLES

The points made above are now illustrated by two very
simple examples. The first example illustrates the necessity
of labeling the spectral frequency axis consistently, in order
to assign the spectral peaks to particular spin coherences.
This is important when spectral features are used as a diag-
nostic of particular operator components of the spin-density
operator. The second example shows that correct frequency
axis labeling must be accompanied by a careful treatment
of the sign of phase shifts during excitation pulse sequences.

These two examples are chosen for their smplicity and
unambiguity. The issues raised are ubiquitous and further
cases abound.

Example 1. Heteronuclear Two-Spin Order

A heteronuclear system of two spins3 | and S has four
high-field energy eigenstates, denoted |aa), |Ba), |af),
and | 83), with the notation | m,, ms), where m isthe angular
momentum of the | spins along the field, and mg is the
angular momentum of the S spinsalong thefield. The weakly
coupled laboratory-frame spin Hamiltonian, in the absence
of RF fields, is

L= whl, + wiS, + 27J1,S,, [91]
with the Larmor frequencies
wo = —71Bo
wg’ = —’)’SBO, [92]
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ignoring chemical shifts. The magnetogyric ratios of the two
species are y, and ys. In the discussion below, it is assumed
that the S spins are observed.

For a heteronuclear spin system, the appropriate ‘‘ doubly
rotating-frame’’ transformation is given by Eq. [ 28], with
the transformation operator

V(t) = exp{ —i[(wframet + P Frame) 2

+ (wFramet + & Frame) S} - [93]

The rotating-frame frequencies w' rame aNd wFrame fOr the two
channels are equa in magnitude to the RF carrier frequencies
generated by the synthesizers |w e | aNd |w Sier |, bUt With
a sign change in the case of positive magnetogyric ratio:

—(sign 1) | w tarier |

= —(an 78)|W§arrier |

| _
W trame =

w ?rame [ 94]
The sense of rotation of the frame for a particular spin spe-
ciesis equa to the sense of the spin precession. The initial
phases of the rotating frames for the two Species, ¢ f rame and
¢ Frame, are conventionally chosen according to the signs of
the magnetogyric ratios, as in Eq. [35].

The doubly rotating-frame free-precession Hamiltonian is

Ho = Awbl, + AwsS, + 27J1,S,, [95]
with the resonance offsets
AWl() = Wlo — Wframe
AW% = Wg - u)fSrame- [96]

In the absence of RF irradiation, the S-spin spectrum consists
of two peaks. Each peak is associated with a (—1)-quantum
coherence between one of thetwo pairs of energy eigenstates
{laa), |aB)} and {|Ba), |8B)}. The quadrature S-spin
signal is given by

ss(t) ~ 2ip(t) + 2ip(), [97]
with the following notation for the rotating-frame coherences
(26):

pem = (af|plaa)

P = (B61plBa). [98]
Here p is the rotating-frame spin-density operator (Eg.
[45]). Loosely speaking, p(t) is called the (—1)-quantum
coherence of spins S with spins | in the |a) State, while
pgo is called the (—1)-quantum coherence of spins S with
spins | in the | B) state.
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The two coherences evolve according to the equation

P (1) = pez(0)exp{ (iwgg — M)t}

po-(1) = pa(0)exp{ (iwm — M1}, [99]

where X = T3 is the coherence dephasing rate constant
(assumed, for simplicity, to be the same for the two coher-
ences). The rotating-frame precession frequencies are

we = (aa|Holaa) — (af|HolaB) = Aw§ + 7J
wig = (Ba|Hol By — (BBIHo| 88) = Aw§ — mJ. [100]

The S-spin spectrum is given in general by a sum of two
Lorentzians

Ss(w) ~ agl(w; weg, N) + agl(w; wgy, N), [101]
with the complex peak amplitudes
3 = 2ip(0)
8 = 2ipg(0). [102]

According to Eqg. [100], the p peak appears on the posi-
tive frequency side of the p peak, in the case of positive
J. This positions the p—, peak on the right-hand side of the
P Peak if ys is positive (Fig. 6a). The pesks are the other
way round if the J coupling is negative (Fig. 6¢).

Both peaks have rea positive amplitudes if the S-spin
signal isinduced by a strong 7/2 pulse of phase 0, applied

J >0 J <0
a p=-] - C =1 [
ok bk
b JL d
v H,

FIG. 6. Spin-state assignments of the S-spin spectral peaks in a hetero-
nuclear two-spin-3 system, for the case of positive magnetogyric ratio vs.
(Left) Spin—spin coupling constant J > 0. (Right) Spin—spin coupling
constant J < 0. (& ¢) Spectral appearance and peak assignments for an
initial rotating-frame density operator p(0) ~ —S,. (b, d) Spectral appear-
ance and peak assignments for an initia rotating-frame density operator
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FIG. 7. Illustrative pulse sequences. (a) Simple one-pulse sequence to

generate in-phase S-spin signal. (b) Generation of two-spin Zeeman order
through cross-correl ated relaxation. The 7/2 pulse on the S spinsis preceded
by a long repeating sequence of simultaneous 7 pulses at the I-spin and
the S-spin Larmor frequencies. The interval between the 7 pulses is short
compared to T, . The entire synchronous 7 pulse sequence is long compared
to T,.

to a spin ensemble in equilibrium (Fig. 7a). This is easily
seen by expanding the density operator after the pulse in
terms of the shift and polarization operators:

SR

= —%(w +19)(S" - S7)

p(0)

l
@
o

= i 1S~ + i 1S~ — 1 |*S* — 1 1”S*. [103]
2 2i 2i 2

The coherence amplitudes at the start of signal acquisition
are therefore

1

p=(0) = pg=(0) = 9 [104]
leading to the spectral peak amplitudes
= 2ip—(0) =1

a = 2ip(0) = 1. [105]

The two Lorentzian peaks are in absorption and have equal
amplitude.

Now consider the experiment shown in Fig. 7b, which has
been used to probe cross-correlated relaxation effects (8, 9).
A long repeating sequence of synchronous 7 pulsesis applied
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to both spin species, for atotal timelong compared to the spin—
lattice relaxation time constants. If the relaxation is caused by
random reorientation of the dipole—dipole coupling as well as
the S-spin chemical-shift anisotropy tensor, and if these two
stochagtic processes display asignificant cross corrdation, then
a state of significant two-spin Zeeman order gradually builds
up under the synchronous 7 pulse train. The density operator
at the end of the = pulse train is therefore

p ~ k21,S, [106]

where k is areal number depending on the cross correlation.
The density operator at the beginning of signal acquisition is

p(0) ~ k exp{—i 5 s}ZIZsexp{i 5 a}
= —k21,S
— £ a _ |IB + _ Q-
= 2“' 1°)(8" = §7)
= Kjeg — Kpps 4 Kegr — K yogr ) [107]
2i 2 2 2

corresponding to the following initial amplitudes of the ob-
servable S-spin coherences:

K
0) ==
P( ) 2
K
pe(0) = = o [108]
i
The spectral peak amplitudes are
= 2ip—~(0) = «
8 = 2ip(0) = —«k. [109]

This time, the two Lorentzian peaks have opposite signs.
This ‘*antiphase’’ spectral pattern is a signature of two-spin
Zeeman order before the final 7/2 pulse.

Observe the following points:

1. The sign of « is related to the sign of the cross-corre-
lated relaxation mechanisms active during the synchronous
m pulse sequence. It is vital for the interpretation of the
experiment that the sign of « is deduced correctly from the
experimental spectrum.

2. The sign of « can be deduced correctly only if the
spectral peaks are associated with the correct pairs of spin
states. A positive value of « is associated with an antiphase
pattern in which the p peak is inverted in amplitude, while
the p peak is noninverted.
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FIG. 8. Spin-state assignments of the S-spin spectral peaks in a hetero-
nuclear two-spin-2 system, for the case of negative magnetogyric ratio ys.
(Left) Spin—spin coupling constant J > 0. (Right) Spin—spin coupling
constant J < 0. (a, c) Spectral appearance and peak assignments for an
initial rotating-frame density operator p(0) ~ —S;. (b, d) Spectral appear-
ance and pesk assignments for an initial rotating-frame density operator
p(0) ~ —21.S,.

3. The assignment of spectral peaks to particular coher-
ences depends on knowledge of the sign of the J coupling,
and an algebraically consistent labeling of the spectral fre-
quency axis. For positive J, the p peak has a higher fre-
quency than the p peak. Hence, for positive vys, the p
peak appears to the right of the p,- peak in the spectrum.
In this case, positive two-spin Zeeman order appears as a
““‘down—up’’ spectral pattern, reading the spectrum from left
to right.

The peak assignments and correctly labeled frequency
axes for various sign combinations of J and ys are shown
in Fig. 6 and Fig. 8.

The interpretation of antiphase spectral patterns is very
intuitive if a rationalized frequency axis is used. The peak
with the ‘o’ label is shifted along the frequency axis in
the same sense as the spin—spin coupling J. The assignment
of peaks to spin states is much less obvious using the fre-
guency axis labeling scheme in common use today, which
takes no account of the sign of the Larmor frequency.

This example is particularly clear because the creation of
two-spin order does not require any phase-shifted pulses.
Pulse sequences which rely on the J couplings to induce
two-spin Zeeman order, for example, INEPT (27), raise
Separate issues as to the sign of the radiofrequency phase
shifts, to be discussed in the next section.

Example 2. A Two-Pulse Sequence

Consider a sample containing two sets of sites, j and k,
each occupied by spins-3. The magnetogyric ratio y of the
spins is assumed to be positive, and sites | are more shielded
than sites k. The carrier frequency is chosen such that the
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rotating-frame frequency isthe exact mean of the two preces-
sion frequencies. The resonance offsets of the spins, with
respect to the rotating-frame frequency, are

Awl = —3Wa, [110]
where w, is the shift difference in frequency units,
wa = —wo(o! — %), [111]

positive by definition since wy is negative. If spin—spin cou-
plings are negligible, the spectrum consists of two peaks
with the peak associated with spins in sites j to the right of
that associated with spins in sites k (Fig. 9a). Transverse
magnetization associated with spins in sites j precesses in
the positive (anticlockwise) direction in the rotating frame.
Transverse magnetization associated with spins in sites k
precesses in the negative (clockwise) direction in the rotat-
ing frame.

Now examine the dynamics of the spins under the very
simple radiofrequency pulse sequence in Fig. 10. This con-
sists of two /2 pulses separated by a delay 7 = |7/wa|
with the second pulse shifted in phase by «/2. During the
precession interval, the transverse magnetization compo-
nents of the two sites precess through an angle = /2, in oppo-
sSite directions.

The term ‘*phase of the pulse’’ is taken here to refer to
the phase of the rotating-frame nutation axis during the pul se,

a k J

i W\

b
% % é Z
é :
FIG. 9. Spectrum and spin dynamics of a system with two independent
spin-3 sites, j and k, where j is more shielded than k and the spins have
positive magnetogyric ratio. (a) Schematic spectrum. (b) (Left) Magnetiza-

tion trgjectory of spinsk; (Right) magnetization trgjectory of spinsj during
the two-pulse sequence in Fig. 10.

Y
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(w2), (w2),

T Ll7

FIG. 10. Simple two-pulse sequence for illustrating the sign behavior
of radiofrequency phase shifts. The subscripts x and y refer to the nutation
axis phases ¢, = 0 and 7/2, but are usualy misinterpreted as referring to

the electronic carrier wave phase ¢, during the pulse. ¢, and ¢, have
opposite signs for spins of positive vy.

notated ¢, in the above discussion. A pulse (w/2), rotatesthe
spin magnetization through an angle /2 about the rotating-
frame x axis, while apulse (7 /2), rotates the spin magnetiza-
tion through an angle w/2 about the rotating-frame y axis.

Suppose the pulse sequence is applied to thermal equilib-
rium z magnetization. Calculation of the result is elementary
and is visualized in Fig. 9b. The z magnetization of spinsin
the more shielded sites j is inverted, while the z magnetiza-
tion of spinsin the less-shielded sitesk is returned to equilib-
rium.

This is clearly a completely different physical situation
from one in which the magnetization of the k spins is in-
verted, while that of the j spins is returned to equilibrium.
The physical distinction may be very sharp if, for example,
the spins in sites j and sites k have different spin—lattice
relaxation characteristics.

Note that the result shown in Fig. 9 is not obtained if this
simple sequence is programmed naively on current instru-
ments. It is easily verified that naive programming of the
radiofrequency carrier phase i, inverts the magnetization of
the less-shielded sites, while returning the magnetization of
the more-shielded sites to equilibrium. The fate of the mag-
netizations is easily determined by applying a further /2
pulse to convert the longitudinal magnetization into observ-
able coherences. Phase cycling may be used if necessary to
remove signal components from transverse magnetization
left over by the two-pulse sequence.

This discrepancy is due to the fact that the rotating-frame
nutation axes are shifted in phase by ¢,, which is opposite
in sign to the carrier phase ¢, for positive-y spins. This
elementary discrepancy may have gone unnoticed because
of the simultaneous confusion around the labeling of the
frequency axis. The usual frequency axis, increasing from
right to left, has often been misinterpreted as the precession
frequency in the rotating frame. This leads to one sign error,
which cancels the error in the sign of the nutation axis
phases. The previous example showed, however, that it is
desirable to label the frequency axis carefully, in order to
be consistent with the sign of the spin interactions. Correc-
tion of one error makes the second error obvious. The sign
discrepancies cannot be fixed one at atime. A global ratio-
nalization of sign usage is unavoidable.
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IMPLICATIONS AND RECOMMENDATIONS

This article should have made it obvious that the subject
of signsin NMR is very confusing and delicate. Fortunately,
the conclusions of this article may be distilled into a few
rather simple software recommendations.

Recommendation 1. A Software Flag for the Sgn of the
Magnetogyric Ratio

The software should require that the spectrometer operator
sets a flag for the sign of y for the spins under observation.
This flag is then consulted by the pulse programming soft-
ware and the data processing code.

Recommendation 2. Radiofrequency Phases Should Take
into Account the Sign of y

The spectrometer operator desires control over the phases
¢, of the rotating-frame nutation axes. The absolute elec-
tronic phase ¢, during the pulse is not of direct interest. It
would be most convenient if pulse programs referred to the
nutation axis phases ¢,. The software trandates these in-
structions into code for the electronics, taking into account
the sign of . For positive vy, the pulse programmer software
implements RF synthesizer phase shifts i, which are minus
the values in the pulse program. If y is negative, there is no
sign change.

The radiofrequency receiver reference phase ¢ is han-
dled in similar fashion. The user specifies the value of ¢,
in pulse programs. The software converts this into a phase
shift ¢ Of the carrier wave during detection, taking into
account the sign of y. For positive vy, thereis asign change.
For negative v, there is no sign change.

Recommendation 3. The Post-digitization Phase Shift
Should Take into Account the Sign of y

The post-digitization phase shift implemented by *‘data-
swapping’’ routines at the output of the ADCs should experi-
ence identical treatment. The ‘*y-sensitive post-digitization
phase shift'’ ¢pesdig 8PPEArS in the pulse program text. The
software interprets this as an absolute phase shift pesag =
— postaig If v 1S positive, but @s Ypesdig = +Ppostaig if v 1S
negative. In each case, the digitized quadrature signal is
multiplied by the factor exp{ i/ dig} efore transfer to the
signal accumulation device. Post-digitization phase shiftsin
multiples of 7/2 may be implemented in the hardware by a
channel-swapping/sign-inversion scheme, such asthat given
in Eq. [57] for the case Ypostaig = 7/2.

The post-digitization phase shift ¢psag and the receiver
phase shift ¢ should be clearly differentiated. They are
only equivalent if the receiver is perfectly adjusted.
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Recommendation 4. Spectral Frequency Axes Should
Represent True Rotating-Frame Precession Frequencies

For positive y nuclei, the spectral function S(w) should
be derived by standard Fourier transformation of the digi-
tized signal s(t). The spectral function S(w) should be plot-
ted according to the usua mathematical convention, with
negative frequencies on the left, and positive frequencies on
the right. Less-shielded spins appear on the left of the spec-
trum, well-shielded spins appear on theright. The *‘ deshield-
ing’’ ppm scale increases from right to left.

When a spectral frequency scaleis used, it should employ
the correct values of w: negative on the left, and positive on
the right. A peak at the center of the spectrum w = O corre-
sponds to spins whose precession frequency has the same
magnitude as the spectrometer carrier frequency, but oppo-
siteinsign: w¢ = — |w®@"|. The spectral frequency coordi-
nate of each peak corresponds to the rotating-frame preces-
sion frequency of the corresponding magnetization compo-
nent. If these recommendations are followed, spin dynamical
calculations may use the nutation axis phases which appear
in the pulse program, and the rotating-frame frequencies
which appear along the frequency axis.

For negative vy nuclei, the spectral function S w) should
be derived by Fourier transforming the complex conjugate
of the digitized signal s(t)*. The spectral function Jw) is
plotted backward, with frequency increasing from right to
left. This ensures that less-shielded spins again appear on
the left of the spectrum, while well-shielded spins appear
on the right. The deshielding ppm scale increases as usual
from right to left.

For negative v, the spectral frequency scale should indi-
cate positive frequencies on the left, and negative frequen-
cies on the right. A peak at the center of the spectrum w =
0 corresponds to spins whose precession frequency is the
same as the spectrometer carrier frequency: w{ = |w®@ .
Spin dynamical calculations may be based on the nutation
axis phases which appear in the pulse program, and the
rotating-frame precession frequencies which appear along
the frequency axis.

If these recommendations are implemented, the plotted
spectra contain peaks at the frequencies of the observable
(—1)-quantum coherences, independent of the sign of .
Phase cycles may be calculated on the basis that al coher-
ence-transfer pathways terminate with coherence order =
—1. Phase cycles written in terms of the nutation axis phases
¢y, receiver phase ¢, and post-digitization phase shift
Ppos dig @€ the same for nuclei of positive and negative 1.

These recommendations may appear quite complex. How-
ever, by and large, they are not conventions. There are only
three occasions in which true conventions intrude, and none
are controversial: (i) the convention that the rotating-frame
z axis is along the magnetic field direction; (ii) the conven-
tion of using aright-handed axis system; (iii) the convention
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that the spectrum is plotted with the shielding scale increas-
ing from left to right. The remaining consequences follow
from the physical properties of the spins themselves and the
actual hardware settings of normal quadrature receivers. |
believe that the above recommendations are a viable long-
term option, allowing spectroscopists to label NMR spectra,
calculate spin dynamics, and interpret signed interactions in
a confident and self-evident fashion.

APPENDIX

Alternative Processing Scheme for Negative-y Nuclei

In the above discussion, it was concluded that the correct
data processing for negative-y nuclei is to take the complex
conjugate of the time-domain signal s(t) before Fourier
transformation, followed by plotting of the resulting function
S w) with the frequency coordinate w increasing from right
to left. As discussed above, the peaks in the spectrum are
then associated with rotating-frame (—1)-quantum coher-
ences, and their frequency coordinates correspond directly
to the rotation frequencies of the transverse magnetization
components in the rotating frame.

This is conceptualy rather clear cut, but the extent of
software reprogramming is perhaps undesirable. An equiva-
lent effect is achieved by a simple subterfuge. Suppose that
the time-domain signal isleft unchanged, an ordinary Fourier
transform is applied, and the spectrum plotted in the usual
mathematical sense with the frequency coordinate increasing
from left to right. If the complex conjugate of the spectrum
is taken, and the sense of the axis labeling (but only the
labeling!) is reversed, then the result is almost identical to
the **correct’’ procedure indicated above. This may be seen
from the identity

S(w) = S(—w)*, [112]
where S(w) isthe result of Fourier transforming s(t), while
S w) is the result of Fourier transforming s(t)*:

S(w) = f: s(t)exp{ —iwt} dt

S(w) = f: s(t)*exp{ —iwt} dt. [113]

Now sincethe‘‘reversed’’ frequency axislabeling is done
anyway on current instruments, it turns out that this proce-
dure is by chance amost exactly equa to that performed
already! The only discrepancy is that the complex conjugate
of the spectrum should be taken, i.e., the imaginary compo-
nent of the spectrum should be reversed in sign. The *‘cor-
rect’’ presentation of the spectrum for negative-y spins, as
shown in Fig. 5, is fortuitously already achieved on current
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instruments, with the minor difference that the imaginary
part of the spectrum has the wrong sign.

Nevertheless, | feel that the ‘‘rigorous’ procedure de-
scribed in the main text is preferable.
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